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Abstract

AT providers are engaged in an unprecedented technology race. Can responsible
Al survive in this race? In our framework, two Al providers invest in model capa-
bility and then set prices and guardrails. Guardrails curb harmful use but lower
users’ willingness to pay. Each firm’s corporate mandate determines how it weighs
harm prevention against profits. With model capabilities fixed, competition does
not erode responsible conduct: guardrails depend only on a firm’s mandate, and
even purely profit-driven founders adopt public-benefit mandates to soften price
competition. A sufficiently intense technology race overturns this conclusion. A
responsible mandate weakens a firm’s position in the race, and its rival responds
by expanding capability. When the rival’s capability response is sufficiently strong,
even mission-driven founders understate or abandon their mission. Market forces
alone do not deliver responsible Al.



1 Introduction

Artificial intelligence is becoming a general-purpose technology. It is also a dual-use
technology. The same model that identifies candidate molecules for cancer treatment
can, in principle, help synthesize toxic compounds. The same model that finds and
patches security flaws in a bank’s software can write the malicious code that exploits
them. AI providers can curb misuse through guardrails, such as usage policies, refusal
rules, and deployment gates. However, guardrails cannot perfectly separate harmful from
legitimate use, and therefore also degrade the product for legitimate users. Responsible
AT thus appears to come at the expense of competitiveness.

This tension plays out in a market with two defining features. First, Al providers are
engaged in an intense technology race. Firms compete for users through prices and model
capability, and in 2025 alone, the five largest hyperscalers spent close to half a trillion
dollars on capital expenditure, largely Al infrastructure, four times their rate of spend-
ing when GPT-4 was released in 2023 (Epoch AI, 2026). Second, unlike firms in most
industries, several leading Al companies were founded with charters that formally rank
a safety mission above profits, through nonprofit, capped-profit, or public-benefit struc-
tures. These mandates have come under pressure as the race has intensified. OpenAl’s
plan to end nonprofit control of its business was abandoned only after public criticism,
a review by the Delaware and California attorneys general, and a lawsuit by co-founder
Elon Musk.! This raises the question of whether responsible Al can survive market com-
petition, or whether the technology race forces even mission-driven founders to set up
profit-maximizing firms.

To answer this question, we develop a model of competition between two Al providers.
We first show that, when technology is given, competition does not erode responsible
conduct. A firm’s optimal guardrail depends only on its own mandate and not on the
intensity of competition, consistent with the irrelevance result of Dewatripont and Tirole
(2024). Moreover, adopting a public-benefit charter is financially profitable because
it commits the firm to price less aggressively, which induces its rival to follow suit.

Therefore, even purely profit-driven founders adopt public-benefit mandates, echoing

1 OpenAl was founded as a nonprofit and from 2019 operated through a capped-profit subsidiary
under the nonprofit’s control (OpenAl, 2019). Its 2025 recapitalization turned the subsidiary into a
public benefit corporation with ordinary equity but left the nonprofit in control, with the power to
appoint the board and to halt model releases (OpenAl, 2025, Delaware Department of Justice, 2025,
California Department of Justice, 2025). Anthropic is a public benefit corporation whose board majority
is appointed by a trust of financially disinterested trustees (Anthropic, 2023, 2026). xAI dropped its
benefit-corporation status in 2024 (CNBC, 2025), and OpenAl and Anthropic filed for initial public
offerings in 2026 (TechCrunch, 2026).



the delegation logic of Fershtman and Judd (1987) and the commitment device idea of
Glaeser and Shleifer (2001). Taken together, these results suggest that responsible firms
can survive and that competition may even encourage public-benefit mandates.

Our main result is that a technology race, arguably the defining feature of AI mar-
kets, can overturn this conclusion. When firms invest in model capability, a responsible
mandate weakens a firm’s position in the race. Its rival responds by expanding capabil-
ity, which works against the gain from softer price competition. When the elasticity of
capability with respect to investment spending (the capability elasticity) is sufficiently
high, this business-stealing force dominates: even founders who genuinely care about
harm write charters that understate their mission preference, the weight they place on
the harm their firm’s users cause, while profit-driven founders choose pure profit charters.
Market forces alone therefore do not deliver responsible Al.

We develop these results in a parsimonious model with two Al providers that interact
at three dates. At date 0, each founder writes the firm’s corporate charter. At date 1, each
firm invests in model capability. Capability raises users’ willingness to pay (by shifting
the demand intercepts in the linear differentiated duopoly of Singh and Vives (1984)), but
more capable models also enable more harm. At date 2, firms simultaneously set prices
and guardrails. Users differ in how much harm their use of the technology generates.
A firm’s guardrail reduces the harm its users cause but also lowers their willingness to
pay. Each firm operates under the corporate mandate fixed by its charter, whose mission
intensity, the weight placed on the harm its users cause, determines both its prices and
its guardrails. A founder’s mission preference is the weight the founder places on this
harm, which may differ from the mission intensity written into the charter. We first take
mandates as given and turn to the founders’ choice of charter in the final part of the
analysis. Charters may deviate from founders’ preferences in either direction: a mission-
driven founder can adopt a pure profit charter, and a profit-driven founder can adopt a
public-benefit charter.

As a benchmark, we first study a setting with fixed technologies and fixed man-
dates. By the irrelevance argument of Dewatripont and Tirole (2024), active firms choose
guardrails to equate the marginal loss of willingness to pay with the marginal reduction
in internalized harm. This choice depends only on the firm’s own mandate and is inde-
pendent of the rival’s guardrail and of the intensity of competition. Guardrails matter
nonetheless: optimally balancing these effects can allow a responsible firm to remain
active where it would otherwise be priced out of the market.

We then show that, once guardrails are chosen optimally, a firm’s capability and

mandate enter equilibrium margins, quantities, and payoffs only through a single statistic,



the firm’s effective technology: model capability multiplied by a mandate discount factor
that lies between zero and one and falls as the mandate becomes more stringent. Market
structure is then determined by the ratio of the firms’ effective technologies and the
substitutability of their models. When effective technologies are sufficiently similar and
models are not too substitutable, both firms are active and compete as differentiated
duopolists. When one firm’s effective technology is sufficiently larger, it alone serves the
market, either because its monopoly price already deters entry or because it prices to
exclude its rival, as in Dixit (1979). The central implication of this analysis is that a
responsible mandate acts like a tax on technology: a responsible firm competes as if it
were less capable than it is or, equivalently, as if its marginal cost exceeded its financial
cost.

We next endogenize technology for given mandates. Because a mandate acts like a
tax on a firm’s technology, it lowers the return to investing in model capability. Under
symmetric mandates, both firms therefore choose lower model capability than they would
under pure profit charters. In this case, mandates slow the technology race, and a duopoly
equilibrium exists unless model substitutability exceeds a threshold. Under asymmetric
mandates, the laxer firm invests more aggressively, so that technology choice amplifies
differences in mandates. The threshold for model substitutability below which both
firms can remain active is lower when mandates are more asymmetric. Beyond this
threshold, the market tips: the laxer firm invests its way into an uncontested monopoly,
and the responsible firm rationally stays out. In an intermediate region, the duopoly and
monopoly equilibria coexist.

Two features of the technology stage are worth highlighting. First, because pay-
offs depend on mandates only through effective technologies, model substitutability and
the ratio of the mandate discount factors jointly characterize the set of equilibria. Sec-
ond, guardrails cannot remove the handicap of responsible Al, but they reduce it: with
guardrails, a given difference in mandates maps into a smaller difference in discount
factors, so that responsible firms remain in the race under mandate gaps that would
otherwise tip the market.

We then turn to the choice of mandates. As a benchmark, we hold technology fixed.
Here a charter plays the role of a delegation contract in the sense of Fershtman and Judd
(1987). A firm with a more responsible mandate charges a higher price because harm
internalization effectively raises its marginal cost. Because prices are strategic comple-
ments under Bertrand competition, the rival follows suit. Starting from an authentic
mandate, a marginal increase in mission intensity distorts the firm’s own price only to

second order but relaxes the rival’s price to first order, so overstating the mission pays



even unilaterally.? In equilibrium, both founders write charters whose mission intensity
exceeds their mission preference. In particular, responsible mandates arise even without
any mission preference: a founder who cares only about profits adopts one because it
raises financial value.

Once technology is endogenous, an opposing force arises. As shown above, a mandate
weakens the firm in the technology race. Because technology investments are strategic
substitutes, the rival responds by investing more to steal business. The strength of this
response depends on the capability elasticity, which measures how readily investment
in compute, data, and algorithms translates into capability. The higher the capability
elasticity, the stronger the rival’s response and the resulting business-stealing loss. In
symmetric duopoly charter equilibria, a cutoff in the capability elasticity separates mis-
sion overstatement from suppression. Below the cutoff, the pricing motive dominates and
founders overstate their mission. Above it, business stealing dominates: mission-driven
founders understate their mission, and profit-driven founders choose pure profit charters.
The cutoff is independent of the guardrail technology and falls as models become more
substitutable, so greater substitutability favors mission suppression. In contrast, a shel-
tered monopolist chooses a charter that reflects the founder’s preferences. Although our
model is static, it suggests why mandates have come under pressure: founders who ini-
tially underestimated the technology race revise their mission downward once its intensity
becomes apparent.

Our results have implications for policy. If the technology race eliminates responsible
mandates even when founders would prefer to be responsible, the safety commitments
of AI providers cannot be expected to withstand competition, and safety instruments
such as guardrails, kill switches, or deployment controls may need to be mandated by
regulation. The EU Al Act takes this approach for frontier models: providers of general-
purpose models above a training-compute threshold must evaluate their models, including
through adversarial testing, and mitigate systemic risks.> Our analysis supports this
view: a uniform mandate imposed on both firms slows the technology race but leaves the

duopoly viable, whereas the same mandate adopted by one firm alone can tip the market.

2In contrast, under Cournot competition, as in Bond and Levit (2025) and Stoughton, Wong, and Yi
(2020), quantities are strategic substitutes: one firm’s harm internalization, which raises its price and
lowers its output, invites the other firm to expand its output and lower its price.

3 Regulation (EU) 2024/1689 (the Artificial Intelligence Act), Chapter V (Articles 51-56). Models
trained with more than 10?® floating-point operations are presumed to present systemic risk (Article
51). Their providers must evaluate the model, including through adversarial testing, assess and mitigate
systemic risks, report serious incidents, and ensure cybersecurity (Article 55), in addition to the doc-
umentation, copyright, and training-data obligations that apply to all providers of general-purpose Al
models (Article 53). These obligations apply from 2 August 2025.



Improvements in guardrail technology make a given mandate less costly competitively,
but do not change the capability elasticity cutoff at which business stealing outweighs the
pricing benefit. Finally, since the technology race is global while regulation is national,
the logic that sets Al firms against one another may also apply to jurisdictions that

compete for them. We leave the analysis of regulatory competition to future work.

Related literature. Our paper contributes to the literature on competition and ethi-
cal behavior by firms. Shleifer (2004) argues that competitive pressure spreads unethical
conduct whenever ethical conduct is costly, and Bagnoli and Watts (2003) show that
the private provision of public goods by firms declines as competition intensifies.* De-
watripont and Tirole (2024) show that this need not be the case: under flexible prices,
intense product market competition does not crowd out consequentialist ethics. Their
result holds exactly at the guardrail margin of our model. In our setting, erosion instead
operates through two margins outside their framework. First, technology is a sunk in-
vestment, so that a mandate shifts the firm’s position in the race and cannot be undone
by repricing. Second, the mandate is a charter, i.e., a commitment that founders choose
in anticipation of the race. More broadly, our treatment of the corporate mandate as an
equilibrium object relates to the literature on socially responsible firms and investors, in-
cluding Bénabou and Tirole (2010), Hart and Zingales (2017), Ochmke and Opp (2025),
Bond and Levit (2025), Stoughton et al. (2020) and Bisceglia, Piccolo, and Schneemeier
(2026).

Methodologically, our model builds on the industrial organization literature. The
product market is the linear differentiated duopoly of Singh and Vives (1984) and Shu-
bik and Levitan (1980). The characterization of market structure, with monopoly pric-
ing, limit pricing, and duopoly as the relative strength of the two firms varies, follows
Dixit (1979). The investment stage draws on the analysis of innovation incentives under
competition in Vives (2008). Relative to this literature, our model contains two key in-
novations: harm generated by users, which places the externality inside the technology
race, and endogenous public-benefit mandates. For the latter we rely on the literature
on strategic delegation following Vickers (1985), Fershtman and Judd (1987), Sklivas
(1987), and Bond and Levit (2025), in which owners commit to objectives that deviate
from profit maximization in order to influence rivals.” In our setting the corporate char-
ter functions as a commitment device. Our contribution relative to these papers is the

introduction of a technology race, in which the pricing gain from delegation competes

4Falk and Szech (2013) provide experimental evidence that markets erode moral values.
®See also the literature on corporate social responsibility surveyed in Kitzmueller and Shimshack
(2012).



with a business-stealing loss whose strength depends on the capability elasticity.
Finally, our paper contributes to the emerging economic literature on artificial intel-
ligence. Acemoglu and Lensman (2024) study the optimal adoption of a transformative
technology under uncertainty about its risks, and Jones (2024) analyzes the trade-off be-
tween growth and existential risk. These papers treat the technology as given and focus
on the planner’s problem. Closer to our question, Armstrong, Bostrom, and Shulman
(2016), Choi, Jeon, and Menicucci (2026), and Bueno de Mesquita, Dziuda, and Polborn
(2026) model Al races in which competing developers trade safety against winning. In
Choi et al. (2026), competition distorts the timing of deployment under safety risk. In
Bueno de Mesquita et al. (2026), firms divide a fixed budget between speed and caution,
and a more fragmented industry shifts resources toward speed. In these papers, safety
is a direct decision in a contest to be first. In ours, safety is a property of the deployed
product, chosen together with prices, capability is a continuous investment that deter-
mines market structure, and the object of choice is the firm’s governance. We study the
market conduct of the firms that develop and deploy AI models, and how competition

shapes their capability, guardrails, and corporate governance.

Paper outline. The paper proceeds as follows. Section 2 introduces the model. Section
3 characterizes the product market and guardrail equilibrium as well as the technology
race for given mandates. Section 4 makes mandates endogenous and contains our main
results on whether responsible Al can compete. Section 5 concludes. All proofs are in

Appendix A.

2 Model

We consider two competing AI providers, j € {1,2}, that interact at three dates,
t € {0,1,2}. Within each date, choices by firm j and its rival —j are simultaneous.
Information is complete: each date’s choices are publicly observed before the next date.
There is no discounting between dates. The timeline is as follows.

At date 0, each firm’s founder writes the firm’s corporate charter, which fixes the
firm’s mandate. The mandate is characterized by its mission intensity v; € [0,1], the
weight the firm’s objective places on the harm caused by the users of its model. A firm
with 7; > 0 pursues a mission alongside profits. A firm with 7; = 0 has a pure profit
charter.

At date 1, each firm chooses a technology level 7; > 0, which we interpret as Al

model capability, at the common investment cost I(7;) = k', with k£ > 0 and n >



2. Capability therefore has a constant elasticity « = 1/n € (0,1/2) with respect to
investment spending, which we call the capability elasticity. This elasticity determines
firms’ investment responses and, consequently, the strength of business stealing in the
technology race.’

At date 2, firms choose prices p; and guardrails g; € [0, 1]. Guardrails, such as usage
policies, refusal rules, and deployment gates, limit harmful AT use.”

Each firm’s technology is dual-use, and therefore can serve both beneficial and harmful
purposes. There is a unit mass of users whose harm exposure x € [0,1], the extent
to which a user’s use case draws on the harmful side of the technology, is distributed
with density f and mean E(z) > 0. A user with exposure x served by firm j causes
harm of 7;(1 — g;)z per unit of consumption. This specification captures the idea that
more capable models enable greater harm, while stricter guardrails reduce the harmful
capability delivered to users.

Firms cannot price-discriminate across exposure segments, so each firm charges a
single price p;. Following Singh and Vives (1984), we specify a linear demand system in
each exposure segment x using a representative consumer with quadratic utility

a(p; a(z)) = arg max (a1(z) = p1) 1 + (az(x) — p2) g2 — @ (@ + 22 +a). (1)
qeR?

where a(z) = (a1(x), az(x)) collects the demand intercepts and g;(z) is the j-th compo-

nent of q(p;a(x)). Bold symbols refer to vectors. For each firm j with positive sales in

segment x, the consumer problem (1) implies the linear inverse-demand relation

pj = aj(z) — B(A) (g;(z) + Ag—;(x)), (2)

where A € [0, 1) governs the degree of substitutability between Al models and S(A) > 0
determines the slope of inverse demand.®

The inverse-demand intercepts capture the benefits of model capability net of the
nuisance imposed by guardrails. For tractability, we assume that both the benefit of

model capability and the nuisance of guardrails are independent of harm exposure,’ so

6 This specification is analogous to the isoelastic cost-reduction specification in Vives (2008, Table 1).

" For tractability, technology investment has a deterministic effect on model capability. Our character-
ization of pricing and guardrail decisions extends directly to stochastic capability, since date-2 decisions
condition on realized technologies.

8For a constant b > 0, this nests the specification of Singh and Vives (1984), 3 = b, and the
normalization of Shubik and Levitan (1980), 5 = 2b/(1 + \).

91f guardrails reduce willingness to pay more strongly for high-exposure users, sufficiently stringent
guardrails make these segments unprofitable to serve. Our main results on the ex-ante technology choice
and mandate choice are unchanged, but the analysis of market structure becomes more complex.



that intercepts are common across segments, a(z) = a = (ay, as), with

a; =1 (1 — k(gj)) - (3)

Model capability raises consumers’ willingness to pay while guardrails reduce it. The
negative effect of guardrails on willingness to pay captures their side effect of restricting
or degrading legitimate Al use. Therefore, even though guardrails do not impose direct
costs on the firm, they entail an indirect cost. To capture that tighter guardrails cut
increasingly deeply into legitimate use, we assume that the nuisance function x is strictly
convex and twice continuously differentiable, with x(0) = #’(0) = 0 and lim, ,; ¥'(g) =
00.

With intercepts and prices common across segments, demand in each segment is
independent of x. Using (3), we write ¢;(p,g | 7) for ¢;(p;a). Firm j’s aggregate

demand is then equal to its segment demand,

Qi(p,g|T) = /O ¢(p,g | T) f(z)dr = ¢;(p, g | 7).

The total harm caused by firm j’s users is given by

1
Hi(p,g | 7) = / (1 —g)xq;(p. g | 7) f(2)de = 7;(1 — g;)E(2)Q;(p, g | 7). (4)
0
The exposure distribution therefore enters the analysis only through its mean E(x).

Firm objective. To capture charters that permit a safety mission above and beyond
profits, we use a reduced-form specification similar to that of Oechmke and Opp (2025).
Firm j’s charter fixes the firm’s mandate: maximize profit net of its mission intensity
7; times the harm generated by its users. We solve for subgame-perfect equilibrium by
backward induction and define objectives in that order.

At date 2, given (7,7) and with investment costs sunk, firm j chooses its price and

guardrail to maximize

H?(I)vg | T77) = ijj(p’g | T) - ’YjHj(pag | T)' (5)

Let (p*(7,7),g*(7,7)) denote the date-2 equilibrium.

At date 1, taking the rival’s technology 7_; as given, firm j anticipates this equilibrium



and chooses 7; to maximize its date-2 payoff net of investment cost,

(T | ) =15 (p*(7,7). 8" (7.7) | 7,v) — I (7). (6)

Let 7*(y) denote the date-1 equilibrium, in which each 77 maximizes IT}(7;, 7*; | 7v) over

7']'20.

J

Founder objective. At date 0, each founder writes the corporate charter, taking the
rival’s mandate as given. The mandate profile v determines the equilibrium technolo-
gies 7*(v) and, through them, the equilibrium prices and guardrails p*(7*(7),~) and
g*(7*(7),~), which the founder anticipates and which we abbreviate as p*(-) and g*(+).
Founder j’s utility, U;(7), is the firm’s financial value, V;(-y), net of the founder’s mission
preference 6; > 0 times the harm the firm’s users cause, so that §; = 0 corresponds to a

profit-driven founder:

Us(v) = Vi(v) = 0;8; (P (), 87C) [ 7°(7)) (7)
Vi) =05()Q; (p7(). 8" () | 77 () = I (77 (7)) - (8)

Firm mandates thus affect the founder’s utility both directly, through the date-2 equi-
librium for given technologies, and indirectly, through the technology race. The firm’s
charter acts as a commitment device: at dates 1 and 2, the firm maximizes (6) and (5),
respectively, rather than U;. This commitment affects the firm’s strategic interaction
with its rival. Let v* denote the equilibrium of the resulting charter game, in which each
v; maximizes Uj(v;,7*;) over ; € [0,1].

Following this structure, our analysis proceeds in two steps. Section 3 characterizes
the firms’ strategic interactions at date 2 and date 1 for given mandates, and Section 4

characterizes the founders’ charter game at date 0.

3 The Firms’ Game: Equilibrium Given Mandates

In this Section, we hold corporate mandates fixed and solve for product market equi-
librium and investment in model capability. Section 3.1 derives the product market
equilibrium at date 2 for given model capabilities. Section 3.2 analyzes Al providers’

technology choice at date 1, anticipating product market competition at date 2



3.1 Product Market Equilibrium

At date 2, firms compete in prices and guardrails, taking technologies and mandates as
given. We exclude weakly dominated strategies involving prices below a firm’s internal-

ized per-unit harm:'’

pj =771 — g;)E(x).

Definition 1 (Product market equilibrium) Given 7 and v, let G(T,7) denote the
date-2 game in which firms simultaneously choose prices and guardrails. A pure-strateqy

Nash equilibrium is a profile (p*,g*) such that, for each j € {1,2},

(p;kvg;) € arg max H? (pgﬁptj:gjagij | 7-7'7) .
ng[O,l]
p; 2775 (1—g;)E(z)

It is instructive to reformulate the joint choice of prices and guardrails to highlight the
connection to standard models of differentiated Bertrand competition (Singh and Vives,
1984). In particular, we rewrite the problem in terms of the firm’s margin over per-unit

internalized harm,

m; = p; — ,7i(1 — g;)E(x). (9)

Lemma 1 (Pricing transformation) Conditional on guardrails, the pricing game is
equivalent to differentiated Bertrand competition with prices mj; > 0, zero marginal costs,

and demand intercepts 6(v;, g;)7;, where

0(v5,95) =1 —r(g;) — (1 — g;)E(2). (10)

The demand intercept §(vy;, g;)7; is strictly decreasing in the firm’s mandate v; for any
fized g; <1 and 7; > 0.

Under this transformation, the firm’s objective (5) becomes

H2 ijj' (11>

j:

The offers a — p that determine demand in the consumer problem (1) can be written as

a; — p;j = 6(v4,9;5)7; — my. (12)

10This restriction rules out equilibria sustained by below-cost offers from inactive firms. Demuynck,
Herings, Saulle, and Seel (2019) impose an analogous price bound in Bertrand competition. We retain
pricing at cost, which supports the limit-pricing equilibrium below. Simon and Stinchcombe (1995)
discuss the related role of limits of undominated strategies in games with infinite strategy spaces.

10



Raw model capability 7; is therefore discounted to account for guardrails and internalized
harm, yielding an effective technology d(;, g;)7; for price competition.

This transformation explains why optimal guardrail decisions decouple from pricing
decisions. If a change in guardrails raises a firm’s effective technology, (v;,g;)7;, the
firm can raise its margin by the same amount while leaving demand unchanged. Doing
so increases the firm’s payoff whenever it is active (i.e., @; > 0). Therefore, an active

firm’s optimal guardrail maximizes 6(v;, g;) and is independent of the pricing decision.

Lemma 2 (Guardrail choice) In every product market equilibrium, each active firm

j chooses the unique mazimizer gi € [0,1) of d(v;,g;), characterized by

K (97) = HE(x). (13)

The optimal guardrail is strictly increasing in the firm’s mandate v; and independent of

the rival’s strategy, the firm’s own price, both firms’ technologies, and substitutability .

Intuitively, optimality condition (13) equates the marginal cost of a tighter guardrail,
the reduction in users’ willingness to pay 7;x/( gj’f), with its marginal benefit, the reduction
in internalized harm ~;7;E(x). Technology 7; scales both terms equally and therefore
cancels from the condition. A stronger mandate raises the marginal benefit of guardrails
and therefore their optimal level. If one interprets guardrails as a moral action, Lemma
2 is an instance of the irrelevance result of Dewatripont and Tirole (2024, Proposition 1):
a firm’s moral action is independent of competition.

With optimal guardrails characterized, we define the firm’s mandate discount factor

under optimal guardrails as
0" () = (5, 95)- (14)

Optimal guardrails minimize the competitive disadvantage imposed by the firm’s man-
date. For a firm with a pure profit charter (y; = 0), we obtain g5 = 0 and hence 6*(0) = 1.
For a firm with a public-benefit charter (v; > 0), we obtain g; > 0 and §*(v;) < 1.

In the transformed pricing game, firm j competes like a firm with a pure profit charter
and demand intercept 0*(v;)7;, which we call its effective technology. This technology
handicap grows with the mandate: (6*)'(v;) = —(1 — gj)E(z) < 0. Effective technolo-
gies therefore summarize all that is needed to solve the pricing game. Without loss of
generality, we label firms so that firm 1 has the (weakly) higher effective technology,
0* (71) 11 > 0% (72) 2. As the next lemma shows, the market structure is determined by

the ratio of effective technologies 383 = [0, 1], together with model substitutability A.

11



Lemma 3 (Product market equilibrium) Fiz (7,7v) with 6*(v)71 > 0. A pure-

strategqy equilibrium of G(T,7) ewists for all parameters. Equilibrium payoffs, as well

11

as the guardrails, margins, and quantities of active firms, are unique.” Two regimes

obtain:

(i) Entry deterrence ggfg: < 2_’\)\2 :only firm 1 is active and 113 = 0, with two

pricing subcases:

(a) Monopoly pricing 6*572372 A/2: firm 1 charges its unconstrained monopoly
margin,
5*

mi = _(21)717 (15)

m*)2
12 = (mi : (16)

LB
(b) Limit pricing § < g:gigﬁ < 72z firm 1 prices to keep firm 2 out, and firm 2

sets a zero margin, ms = 0:

mt = 6" (1) 5*(7;)72, (17)
12 = % (18)
(i1) Duopoly 5*(13)” > A5 both firms are active, with
mt = (2- >\2)5*(7jl)ij)\—2 A0 (V—j)T—j’ (19)
Prices are recovered from
pj = mj +775(1 = g7)E(x). (21)

Intuitively, whether there is room for one or two firms in the product market depends

on their relative effective technology 5*5% 2 and on the substitutability A between their

models. In subcase (a), firm 1’s effective technology lead is sufficiently large that its

1Tn subcase (b) of regime (i) and in regime (ii), equilibrium strategies are unique. In subcase (a)
of regime (i), the excluded firm’s strategy (p2,g2) is payoff-irrelevant and can be any strategy with a
nonnegative margin, mso > 0.

12



unconstrained monopoly price keeps firm 2 out. In subcase (b), firm 1 must lower its

price below the monopoly level to do so.

3.2 The Technology Race

We now turn to the firms’ technology choice at date 1. Because date-2 equilibrium payoffs
are unique, each technology profile 7 induces a well-defined continuation payoff for the

investment game.

Definition 2 (Technology-choice equilibrium) Given v, a pure-strategqy equilibrium
of the investment game is a profile T € R3 such that, for each firm j,

7] € arg iréax H}(Tj,T_j | ), (22)
Tj_

where 1T} is defined in ().

In any technology-choice equilibrium, only two of the regimes in Lemma 3 can arise:
unconstrained monopoly (subcase (a) of regime (i)) and duopoly (regime (ii)). Limit
pricing cannot occur in equilibrium, because it requires strictly positive investment by
the excluded firm at date 1, which then earns a continuation payoff of zero. The excluded
firm would be strictly better off not investing at all.

We now characterize which of the two regimes, monopoly or duopoly, arises in terms
of the model’s fundamentals. The market structure depends on only two variables: the
substitutability between AI models, ), and the ratio of the mandate discount factors,"?

1) = 5 € 0.1 (23)
We adopt the convention that firm 1 is the weakly laxer firm (6*(y1) > 6*(72)), and

refer to n as the effective mandate symmetry. Under identical mandates, n = 1. As

the mandates diverge, n decreases, reflecting a growing competitive disadvantage for the
more responsible firm. At equal model capabilities 71 = 75, the more responsible firm’s

effective technology is a fraction 7 of the laxer firm’s.

Proposition 1 (Equilibrium market structure) There ezist cutoffs A(n) and \(n)
in (0,1), both strictly increasing in n, such that:

12The two variables 7 and A are jointly sufficient to characterize the market structure for any cost
function I (7) that is homogeneous of any degree, as shown in the proof of Proposition 1 in Appendix A.
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(i) Monopoly. An equilibrium with firm 1 as an unconstrained monopolist exists if
and only if X > A(n). Whenever a monopoly of the more responsible firm 2 is an
equilibrium, a monopoly of the lazer firm 1 is also an equilibrium, but the converse
need not hold.

(ii) Duopoly. A both-active equilibrium exists if and only if X < X(n), and this equi-

librium is unique. Investments satisfy T > 72, with strict inequality whenever

Y1 < vo. At the cutoff 5\(77), firm 2’s operating profit exactly covers its investment

cost.
Equilibrium market structure
1.0 4
0.8 1
~< laxer firm’s
? 0.6 - (1) monopoly only
2
<
+~
=]
5
"%
,.g 0.4 +
«a duopoly +
laxer monopoly
0.2
duopoly unique
0.0 T T T 1
0% 25% 50% 75% 100%

effective mandate symmetry, 6*(y2)/d*(71)

— X\(-): both-active cutoff only the laxer firm
=== )A(+): blockade cutoff no monopoly (duopoly unique)
either firm can be the monopolist both-active equilibrium also exists

Figure 1. Equilibrium market structure with cubic investment costs (n = 3). Firm 1 has
the weakly laxer mandate. A both-active equilibrium exists below the solid curve. A monopoly of
firm 1 exists above the dashed curve. Between the curves, both outcomes are equilibria. The purple
region also supports a monopoly of firm 2.

Figure 1 illustrates the equilibrium regimes as a function of effective mandate sym-

metry 1 (on the z-axis) and model substitutability A (on the y-axis).'® Intuitively, when

3For n > 4 and sufficiently asymmetric mandates, the cutoff ordering can reverse: A(n) < A(n),
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AI models are sufficiently substitutable, A > A(n) (above the solid curve), there is room
for only one firm in equilibrium. A monopoly of the laxer firm is an equilibrium through-
out this region. A monopoly of the more responsible firm is an equilibrium only when
effective mandates are sufficiently symmetric (the purple region in Figure 1). The cutoff
A(n) increases in 7: the more asymmetric the mandates, the lower the degree of substi-
tutability at which the more responsible firm is excluded. Duopoly is the unique outcome
below the dashed curve, A < A(n). Between the curves, both duopoly and monopoly are
equilibria.

We now turn to technology investment in either regime of Proposition 1. Let TJM
denote firm j’s technology in the equilibrium in which it is the unconstrained monopolist
and 77 its technology in the both-active equilibrium, and let @} and Q¥ denote the
corresponding equilibrium outputs. The first-order conditions for investment are

I' (") = 6" ()@} (24)

70

I'(77) = 6%(v;)QF (1 — 4f—12) : (25)

Under monopoly, @} = 6*(v;)7 /[28()\)]. The rival invests zero, and entry is blockaded
without any strategic overinvestment by the monopolist. Under symmetric mandates,
each firm’s equilibrium capability is proportional to the mandate discount factor §*(vy),
raised to the power 2/(n — 2). A common mandate therefore slows the technology race:
both firms choose lower capability than they would under pure profit charters, while
market structure is unaffected.

The marginal benefit of investment has two components that are common to the mo-
nopolist and the duopolist. First, because of the mandate discount, a unit of technology
translates into only 0*(vy;) units of effective technology. Second, in the product market
equilibrium, the direct value of a unit of effective technology scales with output @), in
line with the classic observation that the incentive to innovate is larger for a firm with
larger output (Vives, 2008). For the duopolist, there is a third component. The term
1 — A%/ (4—X?) € (2/3,1] captures the strategic devaluation of investment under price
competition. An additional unit of firm j’s effective technology induces its rival to cut
its margin by A/ (4 — A\?), and this margin cut erodes a fraction A\?/ (4 — \?) of the direct
return, from nothing at A = 0 to one third as A — 1.

leaving an interval with no pure-strategy equilibrium. This cannot occur under symmetric mandates
(n=1), as shown in the proof of Proposition 1.
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In equilibrium, competition amplifies the laxer firm’s investment advantage:

=

D
g I —2/(n-2)
—_ > = 26

with equality if and only if models are not substitutable (A = 0) or mandates are identical
(n=1).

In sum, a laxer mandate pays off in the technology race in two ways. First, the laxer
firm is better placed to be the last firm standing: whenever the more responsible firm
can sustain a monopoly, so can the laxer firm, but not conversely. Second, when both

firms are active, the laxer firm invests more and captures a larger share of total output.

4 The Founders’ Game: The Choice of Mandates

We now analyze the founders’ choice of mandates. For ease of exposition, we assume that
founders have identical mission preferences, 6; = 6 € [0, 1], but their firms’ mandates may
differ.

Definition 3 (Charter equilibrium) Given subgame-perfect equilibrium play in the
firms’ game after every mandate profile, a pure-strateqy equilibrium of the charter game

is a profile v* € [0,1)% such that, for each founder j,

v; € arg max Uj(7;,7%;)- 27
v €[0,1]

Here U; is founder j’s utility, defined in (7). If a mandate profile admits multiple

technology-choice equilibria, a charter equilibrium specifies which is played after that pro-

file.

We begin with the monopoly benchmark.

Lemma 4 (Monopoly founder) If firm j is a monopolist in equilibrium (and remains

so after sufficiently small changes in its mandate), then

7;:6.

Intuitively, a monopolist has no strategic reason to distort its mandate: setting v; = 0

aligns the firm’s decisions with its founder’s preferences.
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Binary Technology: Softening Competition We now turn to the duopoly case.
To isolate the effect of mandates on price competition, we initially consider a modified
setup that restricts the date-1 technology choice to a binary choice of 7; € {0, 7}, where
7 > 0. This is akin to a model with a fixed entry cost (Dixit, 1979). Choosing zero
means staying out of the market, while entering costs I(7) = k7" and delivers capability

7. This benchmark thus removes the technology race conditional on entry.

Lemma 5 (Mission overstatement) Suppose that the technology choice is binary, 0 <
A< 1, and 0 < 1. In any pure-strateqy charter equilibrium in which entry is strictly
optimal for both firms, both founders choose a mission intensity that exceeds their mission

preference,
v >0, Jje{1,2}.

The intuition behind Lemma 5 is as follows. In a differentiated duopoly, prices are
strategic complements. A stronger mandate weakens the firm’s effective technology,
which induces its rival to raise its price. Starting from an authentic mandate, the founder
bears no first-order loss from increasing its firm’s mission intensity, but benefits indirectly
from the rival’s price response. Each founder therefore gains from marginally overstating
its mission, regardless of the rival’s mandate. This is the strategic-delegation logic of
Fershtman and Judd (1987).

For profit-driven founders (6 = 0), Lemma 5 implies a purely financial incentive to
adopt a mission: holding the rival’s mandate fixed, financial value under the equilib-

rium mission intensity strictly exceeds that under a pure profit charter, Vj(*y]’-*,'yij) >
V} (07 ’Yi 7 ) :

Technology Race: Business Stealing We now restore the continuous technology
choice 7; € Ry and suppose that model substitutability is sufficiently low, 0 < XA < A(1),
so that a duopoly exists (see Figure 1). We restrict attention to symmetric charter
equilibria, 7§ = 3, so that n(«) = 1. By Proposition 1, identical mandates then induce
the unique technology-choice equilibrium, a symmetric duopoly.

Allowing capability to adjust introduces an opposing force: business stealing. A
higher mission intensity lowers 0*, so each unit of capability delivers less effective tech-
nology. The firm consequently invests less, and because investment choices are strategic
substitutes, its rival expands capability.

The strength of this business-stealing force depends on how strongly the rival’s capa-
bility responds to the loss of effective technology that a stronger mandate imposes on the

firm. At a common mandate v, we define the elasticity of the rival’s equilibrium capa-
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bility with respect to the firm’s mandate discount, in absolute value (the rival response

elasticity), as
dlog72;(7)

- . 28
0log 6*(v;) |,,—y =, (28)

e(a, ) ==

The derivative holds the rival’s mandate fixed and allows both firms’ investments to
adjust. It measures the rival’s percentage expansion of capability following a one-percent
reduction in the firm’s mandate discount. At a symmetric mandate profile, £ depends

only on the capability elasticity & = 1/n and model substitutability A.

Lemma 6 (Rival response elasticity) For0 < A < A(1), the rival response elasticity
e(a, \) is positive, independent of the common mandate and guardrail technology, and

strictly increasing in o« and \. For fired A\, ¢ — 0 as a — 0.

Intuitively, the rival’s capability responds more strongly to the competitive disadvan-
tage imposed by a mandate when the capability elasticity is higher or models are more
substitutable. The next proposition determines which of the two forces, the pricing gain

or the business-stealing loss, dominates.

Proposition 2 (Mission suppression) Let 0 <1 and 0 < A < A(1). In any symmet-

ric charter equilibrium.:
(i) If e(a, N) < A/2, founders overstate mission: v* > 6.

(i1) If e(c, ) > \/2, founders suppress mission: v* < 0, strictly if 0 > 0. Profit-driven

founders choose v* = 0.

Proposition 2 generalizes Lemma 5, which covers the special case of fixed technology,
g(a, A) = 0. With both forces at play, founders weigh one against the other.

To derive the cutoff in Proposition 2, let U ;(v; T) denote the founder’s utility after the
price and guardrail game, holding technologies fixed, so that U;(vy) = (73- (v; T ()). All
terms below are evaluated at authentic mandates, 71 = v, = 6, and the corresponding
equilibrium technologies. Recall that, in the transformed game, the mandate affects
competition only through the firm’s effective demand intercept. We therefore measure
the marginal pricing gain G; and the marginal business-stealing loss L; per unit of the
direct reduction in the firm’s effective demand intercept, —7;(0*)'(7;) > 0. Because
the firm’s own investment response has no first-order effect on utility at an authentic
mandate, the total marginal effect is

oU; 916" ()]

= G, — L)) 29
af}/j 87.7 Tﬁxed( ’ J) ( )
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Since 0 is decreasing, the common multiplier is positive. The relative size of G; and L;
therefore determines whether the founder gains from strengthening its mandate.
The marginal pricing gain is
U; /9 A

Gi=—Syiy ~ T >0 (30)

Holding technologies fixed, a one-dollar reduction in firm j’s effective demand intercept
induces its rival to raise its price by A\/(4 — A\?) dollars per unit. The second factor, A\Q;,
is the sensitivity of the founder’s utility to the rival’s price.
The marginal business-stealing loss is
(0U; /07 ;) (07 ;/0v;) A

L;=— 0 () vk 2Q); - e(a, A) > 0. (31)

The first factor is the reduction in firm j’s equilibrium margin per unit increase in the
rival’s effective demand intercept. The factor 2Q); captures both the lower margin on
existing sales and an equally large loss from the decline in sales. The final factor is
the rival response elasticity: the rival’s percentage expansion of capability, and hence of
effective technology, per one-percent reduction in the firm’s mandate discount.

The two forces offset each other exactly when G; = L;, which yields the condition for
authentic mission expression,

(o ) = A/2. (32)

Combining this condition with Lemma 6, we can now characterize the incentives to

overstate and suppress the mission in terms of fundamentals.

Corollary 1 (Capability elasticity and competition) Under the conditions of Propo-
sition 2, there exists a unique cutoff a(\) such that any symmetric charter equilibrium
overstates mission if a < @(\) and suppresses mission if a > &(\). Profit-driven
founders choose v* = 0 in the suppression region. The cutoff is strictly decreasing in
A, and converges to 1/4 as X | 0.

Figure 2 illustrates Corollary 1: a larger capability elasticity o and greater model
substitutability A favor mission suppression.'*

The result also admits a dynamic interpretation: founders who initially underestimate
the intensity of the technology race will revise their firm’s mission downward as the race

unfolds.

“1f o > 1/4 (n < 4), suppression occurs throughout the maintained duopoly region. If a < 1/4,
sufficiently weak substitutability induces overstatement.
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Figure 2. Mission overstatement and suppression. Shaded regions classify symmetric charter
equilibria, conditional on existence, for 0 < 8 < 1. The solid curve marks authentic mandates. The
dashed curve bounds the unique-duopoly domain of Corollary 1, and the gray area lies outside this
domain. At A = 0, mandates are authentic.

5 Conclusion

Can responsible Al survive market competition? Several leading Al providers were
founded with charters that rank a safety mission above profits, and whether such man-
dates can withstand an intense technology race is a central question for the governance
and regulation of AI. This paper develops a model to address this question, in which two
Al providers invest in model capability, compete in prices, and choose guardrails that
limit harmful use, and in which founders choose the corporate mandate under which their
firm operates.

We draw three main conclusions. First, competition in the product market alone does
not erode responsible conduct. A firm’s guardrail depends only on its own mandate, and
because prices are strategic complements, a public-benefit mandate softens price compe-
tition and raises financial value, so that even profit-driven founders adopt one. Second,
a technology race can overturn this conclusion. A mandate acts like a tax on technology,

so that a responsible firm invests less and its rival invests more. Competition amplifies
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differences in mandates and, for sufficiently substitutable models, tips the market to-
ward the laxer firm. In symmetric duopoly charter equilibria, the capability elasticity
determines which strategic force dominates. Below a cutoff, the pricing gain prevails and
founders overstate their mission. Above it, the rival response elasticity is high enough
to induce mission suppression: profit-driven founders choose pure profit charters and
mission-driven founders understate their mission. Greater model substitutability lowers
this cutoff, favoring suppression. A monopolist, by contrast, adopts an authentic mission.
Read dynamically, the model predicts that founders who underestimate the intensity of
the technology race will weaken their mission as the race unfolds, which is consistent with
the recent revisions of mission-driven Al providers’ charters. Third, guardrails reduce
the handicap of responsible Al without removing it. They lower the competitive cost of
a given mandate, but do not affect the capability elasticity cutoff. Market forces alone
therefore do not deliver responsible Al, and safety instruments may need to be mandated
by regulation, as the EU AI Act does for frontier models. A mandate imposed uniformly
on all firms slows the technology race but leaves the duopoly viable, whereas the same
mandate adopted unilaterally can tip the market.

Our framework is deliberately parsimonious, and several extensions are worth pursu-
ing. A welfare analysis of policy instruments such as guardrail mandates, liability for Al
harms, and charter regulation is a natural next step, as is the study of founders with het-
erogeneous mission preferences and of entry. Finally, since the technology race is global
while regulation is national, the forces that set Al providers against one another may also
set jurisdictions against one another. We leave the analysis of regulatory competition to

future work.
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A Proofs

Proof of Lemma 1: For fixed guardrails, the price restriction in Definition 1 makes
(9) a bijection between admissible prices and margins m; > 0. Substitution gives

aj —p; = (5, 95)75 — My, 115 = m;Q;.

These are the demand and payoff expressions of a zero-marginal-cost Bertrand game
with intercepts 6(v;, g;)7;, including at corners. Finally, 06/0v; = —(1 — ¢;)E(x) < 0 for
g; < 1. m
Proof of Lemma 2: The discount is strictly concave in g;, with derivative v,;E(x) —
K'(g;), nonnegative at zero and tending to —oo as g; — 1. Its unique maximizer therefore
satisfies #'(g;) = 7, E(x), with g5 = 0 if 7; = 0. Strict monotonicity of x" gives the stated
comparative statics and independence properties.

An active firm has 7; > 0, since otherwise a; = 0 and p; > 0 imply zero demand. If
it uses g; # g;, switching to g; and raising its margin to

m;. =m; + Tj[5(7j79;) = 6(75,95)] > my

preserves its offer a; — p; and hence demand, while strictly raising m;Q;. Thus every
active firm chooses g;.

For later use, 6*(v) > 1 —~E(x) > 0 by choosing g = 0. If yE(z) = 1, a small positive
guardrail strictly improves on zero, so 0* > 0 throughout. The envelope theorem gives
(5Y(7) = —(1 — g*(7)E(2) < 0. m
Proof of Lemma 3: Write w; := 6*(y;)7;, 8 := B()\), T := 2 — \? and z; := a; — p;,
with w; > wy > 0 and wy > 0.

Demand and reduction. The consumer’s Kuhn—Tucker conditions give

o
4 = ﬁ if 21 > Azg and 2o > Az, (33)
¢ =28, q;=0 if z; > 0 and z_; < Az;,

Aggregate and segment demand coincide. Every admissible strategy has z; = 7;6(v;, g;) —
m; < wy; at g7, every such offer is feasible and yields (w; — 2;)g;.

Any price-guardrail deviation can be matched at g; with the same offer and a weakly
higher margin. Hence an equilibrium with guardrails fixed at g* is an equilibrium of the
full game. Conversely, active firms already use g7 by Lemma 2. Replacing an inactive
firm’s guardrail by g7 while preserving its offer changes neither payoffs nor available
deviations nor its rival’s best responses. Thus the reduced offer game z; < w; preserves
all equilibrium quantities, payoffs, and active firms’ margins.

If A =0, each firm with w; > 0 uniquely chooses z; = m; = w;/2; a firm with w; =0
is always inactive. If wy = 0, firm 1 likewise faces an independent monopoly problem.
Henceforth take A, ws > 0.

For a fixed rival offer, payoff is strictly concave over offers with positive own demand.
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When the rival exits, the demand slope falls from 1/[3(1 — A?)] to 1/8, so the payoff
derivative jumps downward. A positive-payoff stationary point or a kink with derivatives
of the appropriate signs is therefore a global best response.

Both firms active. An active firm earns a positive margin; otherwise a small margin
increase is profitable. Its first-order condition is w; — z; = z; — Az_;. Solving gives

. T’U)j — /\U)_j mj

mETIe 0 BT Raey

Both margins are positive precisely when wy/w; > A\/T. Concavity establishes equilib-
rium, and the linear system establishes uniqueness among both-active equilibria. Payoffs
are m3 /[B(1 — A?)].

Only firm 1 active. Deterring profitable entry requires wy < Az;. On the exclusive
branch, firm 1 maximizes (w; — 21)z1/5 subject to z; > 23/, so

2z = max{w; /2, 29/}

If the kink 25/ exceeds w;/2, it is a best response exactly when the shared-branch
derivative there is nonnegative: wy; — T'z3/A > 0.

If wy < Awy /2, every admissible zy < wj supports the unique best response z; = w; /2,
giving regime (i.a). Otherwise, deterrence and firm 1’s best response require z3 = ws and
z1 = wy/A. These are best responses exactly when wy < Awy /T, giving regime (i.b).
Attaining 2z = ws requires g = g5 and my = 0, which establishes uniqueness. The
monopoly payoffs follow from ¢ = z; /0.

An equilibrium with only firm 2 active would require w; < Azy < Aws, impossible
when w; > we > 0 and A < 1. Both firms cannot be inactive either: firm 1 can profitably
offer Amax{zs,0} < z; < w;. The regimes are therefore exhaustive. If both technologies
are zero, every admissible profile gives zero quantities and payoffs. m
Proof of Proposition 1: Fix any n > 2. Write d; := 6*(y;), T := 2 — X2, D :=
(4 —A?)2(1 = \?), B:= B()\), and a :=n/(n — 2) > 1. We subscript the cutoffs by n in
this proof. By Lemma 3, IT} = Rx(d;7;,d_;7_;)/ — k7}', where, for A\, v > 0,

0, w < \/T,
(Tw — Mv)?/D, M/T <w < Tv/\,
v(w—v/N)/N, Tv/A<w <20/,
w?/4, w > 2v/\.

Ry(w,v) =

Ifv=0o0r =0, Ry(w,v) =w?/4.
Normalization and regimes. Set L := [d?/(k3)]"/®™=? and t; := 7;/ L. Dividing payoffs
by kL™ gives
R)\(tl, ?7t2) — 711, R)\<77t2, tl) - tg

For fixed n, only (n,\) matter. An inactive firm never invests positively, since zero
investment avoids a loss. Nor can both firms invest zero, since n > 2 makes a small
investment profitable against zero. A monopoly equilibrium therefore has one firm at
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zero and the other at

d2 1/(n—2)
= (2%5) : (34)

the unique positive maximizer of d57%/(43) — k7. Its first-order condition is (24).
Duopoly candidates. On the duopoly branch,

EHI? _»27%%(]%%7}'— Ad_jT_j) —’d'Q)~ 1— A2
oy Dp I 4-X2)

which gives (25). At a stationary point, net payoff is

Tdyry — Md_;7_;)[(T/a)djm; — Ad_;7_}]
Dp

I = ( . (35)

Both firms cover investment costs only if their effective technology ratio p := da7e/(d171)
satisfies 2 < p < 1/z, where z := a\/T < 1. Dividing their first-order conditions gives

nfljj_'Ap__

F = =
(p) :=p To

n". (36)
On this viability window, the sign of F” is the sign of
(n—=2)T* +nX —(n—1)TXp+p ) >T?/a—aX* > 0.

Thus F is strictly increasing on any nondegenerate window. Since F'(1) = 1, the viable
root is unique, has p < 1, and exists exactly when

Zn—2

n" > F(z) = 5 [n — (n—2)27, 0<z<1. (37)

The right-hand side increases strictly from zero to one, and z increases with \. Equality
therefore defines a unique \,(n) € (0,1), strictly increasing in 1. At equality p = 2, so
firm 2 breaks even by (35).

Global optimality. On the duopoly branch, the net-payoft derivative is linear in own
investment minus kn7""!, hence strictly concave. At a viable stationary point its deriva-
tive has the sign of —(n—2)T+ (n—1)Ar < 0, where r := d_;7_;/(d;7;) < 1/z. Thus the
candidate is the larger stationary point and dominates the duopoly branch and inactivity,
because its payoff is nonnegative.

At the start of the limit-pricing branch, b := T'd_;7_;/(\d;), the ratio of marginal
investment cost to marginal operating payoff is

knbn1 _2TM(T — Ar)r 2 24" T(T? — aX?)

— > 1.
dyd_y7—;/(NB) Dyx2 D g

The first inequality uses monotonicity of r"~2(T — Ar) on [z,1/z]. For the second, sub-
stitute n —2 = 2/(a — 1): the bound decreases in a, and viability requires a < u := T/\.
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At a = u, it reduces to

o/u-1) . (L +2)(T+A)
u > Ve .
Indeed, logu > 2(u — 1)/(u + 1) gives /Y > 1 4+4/(u+1) > (14 1/u)(1 + 1/(2u));
the last product bounds the right-hand side because T+ A > 2. Net payoff therefore
decreases throughout the limit-pricing branch. It also decreases on the monopoly branch,
since marginal operating payoff is continuous at the boundary and grows linearly, whereas
marginal cost grows faster than linearly. No deviation that displaces the rival is profitable.
At A = 0, the independent monopoly problems give the same conclusion. This establishes
part (ii).
Moreover, (36) implies
nT B )\/p TlD

n

AP~ a
nT—)\p_n’ P

n—2 _

o =T 2oy,

p
The last inequality is strict exactly when A > 0 and n < 1. Together with (34), this
proves the investment ranking and (26).

Monopoly and entry. Normalize the incumbent’s effective technology to one. An
entrant whose discount relative to the incumbent’s is e earns, in units of the incumbent’s
squared effective technology divided by £,

,r,Tl

R}\(T7 1) - 27716” :

Thus entry is unprofitable exactly when e” < B, ()\), where

Tn

B,()\) = inf _—
() r:R;8,1)>0 2nRy(r, 1)

(38)

For monopolies of firms 1 and 2, respectively, e = n and e = 1/n; hence the monopoly
regions are nested.
The interior duopoly minimum occurs at r = aA/T and equals
Da" \"2
BP(\

n ( )Zm- (39)

On the limit-pricing and monopoly branches, respectively, the entry ratio is bounded

below by
— 1)t 2 (2\"?
[n/(n = V"™ 2 (_) o1

2 2 n \\

Once a\/T > T/ A, the duopoly minimum is at its upper boundary, where the first bound
also applies. For n < 1, only the interior duopoly minimum can therefore permit entry
against firm 1.
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The derivative of BY has the sign of n — h(x), where

(8 + 2z — 42%)(2 — )
4—2)(1—2)2+2x)

=\, h(z) =

Here h(0) = 2, h(1—) = oo, and I/ > 0: its numerator is 64 — 64x + 962% — 4023 — 221 >
64(1 — ) + 5422 > 0. Thus BY is single-peaked. It starts at zero and exceeds one when
its minimizer reaches the branch boundary. Consequently it crosses each ™ < 1 exactly
once before that boundary, on its increasing branch. This defines A, (n) € (0, 1), strictly
increasing in 7; all entry deviations are unprofitable thereafter, proving part (i). For
n < 1, strict nesting follows at this cutoff from n" = B,, < n™".
Cutoff ordering. At the duopoly cutoff,
BP()\) D

= D —4(T? — a)?) = \%(4a — 8 + 522 — \4).
F(z)  A(T? —ar?) (T"—aX) = A{da -8+ )

If 2 < n < 4, then a > 2, so the difference is positive and ), (7) < A,(n). At n =1, the
duopoly cutoff has a = T'/ A, and

(1= X)(8 = 4N+ X2+ \Y)

da — 8 4+ 5N — \* =
a + \

> 0.

Hence ), (1) < A\,(1) for every n > 2. If n > 4, the difference is negative for sufficiently
small positive A, reversing the cutoff ordering for sufficiently small 7. Exhaustiveness of
the two regimes then implies no pure-strategy equilibrium between the reversed cutoffs.
|

Cubic costs and Figure 1. For n = 3, the duopoly and monopoly cutoffs equate 73
to, respectively,

IA(T? — 3A2) OA(4 — A2)(T? — \2)

_ 2
273 ’ 873 ’ T=2-X,

on their initial increasing branches. Numerically, A3(1) ~ 0.56155 and \;(1) ~ 0.44882.
A monopoly of firm 2 additionally requires n72 < Bs()\), using the full threshold (38).
These conditions generate Figure 1.

Proof of Lemma 4: Write d(v) = 6*(y) and h(y) = E(x)(1 — ¢*(7)), sod = —h <0
and h is positive, continuous, and strictly decreasing. Monopoly charter payoff and harm

are
d(y)*7* h(y)d(y)7?
M(y) = iy H(y) = ZVANT
=43 (7), (7) 25
where 7 > 0 is fixed or chosen as in (34). In either case, M’ = —H by the envelope

theorem, and H strictly decreases in . The founder’s utility U = M + (v — 0) H satisfies

U(y) —U(6) = / H(y) — H(s)]ds <0 (7 £6).
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More generally, strict monotonicity of H makes U strictly increasing below 6 and strictly
decreasing above it. The assumed persistence of monopoly permits a small move toward
0, ruling out every v # 0, including at the endpoints. m

Proof of Lemma 5: Write d; = 0*(y;), h; = E(z)(1 —g}), T =2 -\, B =4 -\,
C =1-X,and § = (\). Then dj = —h; < 0, and h; is continuous and strictly
decreasing.

Strictly optimal entry means m;Q; > I(7) when both firms enter. Entering alone
yields a weakly higher charter operating payoff, so entry is strictly dominant. By conti-
nuity, it remains so after small mandate changes. The local continuation therefore fixes
=Ty =T.

Conditional on entry,

. deTj — )\d_jT_j mj

B ) Qj: 507

Hj = hjTiQ;,  Uj =m;Q; — I(7) + (v; — 0)H;.

m;
Since d(m;Q;)/0v; = —2Th;7;Q;/B and 1 — 2T'/B = \*/ B, a small unilateral change s

gives
NQ;
AU; = sthj% + (v — O)AH; + o(]s]). (40)

Both h; and ); decrease with «;, so AH; < 0 for s > 0. Thus a small increase is
profitable whenever v; < 6 <1, proving 7} > 6 for both founders without symmetry.
For the financial-profit comparison when 6 = 0, lowering 7; to zero raises its charter
payoff conditional on entry, so its entry remains strict. If the rival stays out, the deviator
receives its profit-maximizing monopoly payoff, strictly exceeding its equilibrium duopoly

profit since
—2

V; = Qjla; — BQ; — BAQ—;) — I(7) < Z—ﬁ — (7).

This contradicts charter optimality. Hence the rival enters after the zero-mandate devia-
tion. A small increase from zero makes the rival’s entry strict and raises firm j’s financial
payoff by (40). Optimality therefore gives Vj(v*) > V;(0,7*;). =

Proof of Lemma 6: Use the notation of the proof of Lemma 5, and write d = d;, h = h;
at a common mandate. By Proposition 1 and continuity of its cutoffs, A < A(1) < A\(1)
ensures a unique duopoly equilibrium locally and (n—2)T > n. Implicitly differentiating
the investment conditions

2de (deTj — )\d_jT_j)

. n—1
B25C = knT;
at symmetry gives
nA a
A) = = 0 41
N = T — N A= 20— 20T =N~ (41)
and dlog 7, h dlog ™" h
0v; d 0v; d\n—2
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Since 0log d;/0v; = —h/d, these verify (28) and independence from the common mandate
and guardrail technology. Derivatives at mandate endpoints are one-sided. Finally,
dloge 1 1 T—A\ dlog(e/A)  2(n—2)A+n

1 N 0 _ 0.
on n o n—2 (n—2)T—n>\<’ O\ (n—2)T—nA>

Thus € increases with a = 1/n and A, and its formula gives ¢ - 0 as a — 0. =
Proof of Proposition 2: Use the notation of the proof of Lemma 6. At a symmetric
authentic mandate, 0U;/01; = 0 by the date-1 envelope condition, while

oU; _ hTA?Qj oU; _2)dQ, o ht_
8’yj B ’ aT_j B ’ 8% d '

The first identity follows from (40); the second from m;Q; = m?/(8C) and Om;/0T_; =
—Ad/B; the third from Lemma 6. Dividing by the direct intercept reduction hr estab-
lishes the definitions and formulas for G; and L;, and the chain rule gives (29). Their
ratio is I 2e(a \) 5
Ly ela, . n
RO = = T 2 =@ =) — N (42)
To exclude equilibria on the wrong side of #, now take any common mandate ~y. Since
U; = 11} + (v; — 0) H;, the same envelope calculation gives, for a small feasible unilateral
change s,

A2Q);
This expansion requires only continuity of h. The investment derivatives above imply
a(Tij) hT2 2(2T — )\)
— =L = T+ —— = 4+ 2T¢| <0.
9, Bpc |1 T a2 TEE

Since h is positive and decreasing, AH; has the opposite sign to s and magnitude at least
a positive multiple of |s| locally.

If R < 1, a small increase is profitable at every common v < 6 < 1, so a symmetric
equilibrium has v* > 6. If R > 1, a small decrease is profitable at every common ~ > 6
with v > 0, so v* < # when # > 0 and only v* = 0 is possible when 6 = 0. If R = 1,
a small move toward 6 is profitable whenever v # 6, so any symmetric equilibrium is
authentic. m
Proof of Corollary 1: The derivative signs in the proof of Lemma 6 show that
R = 2¢/\ strictly decreases with n and increases with A. For fixed 0 < A < 1, it falls
from infinity to zero on n > 2T/(T — \), where T' = 2 — A\?. Tts unique crossing of one
defines n(\) by

(n—2)[(7 —2)(2 — \*) — 1)\ = 2n.

The derivative signs imply 7#/(\) > 0. As A | 0, R — n/(n — 2)?, whose unique crossing
of one for n > 2 is n = 4. Hence a(A) := 1/n()) strictly decreases with A and tends to
1/4 as X | 0. The classification follows from Proposition 2, since R < 1 is equivalent to
a < @, within the maintained duopoly domain. At A = 0, both strategic effects vanish
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and mandates are authentic by the monopoly argument. m
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